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We derive a ontrolled expansion into mean eld plus utuations for the extended Bose-Hubbard
model, involving interations with many neighbors on an arbitrary periodi lattie, and study the
superuid-supersolid phase transition. Near the ritial point, the impat of (thermal and quantum)
utuations on top of the mean eld grows, whih entails striking eets, suh as negative superuid
densities and thermodynamial instability of the superuid phase  earlier as expeted from mean-
eld dynamis. We also predit the existene of long-lived superooled states with anomalously
large quantum utuations.
PACS numbers: 73.43.Nq, 67.80.kb, 03.75.Lm, 03.75.Kk.
I. INTRODUCTION
The question of whether marosopi quantum oher-
ene an prevail in the presene of periodi order, ulti-
mately leading to the existene of a supersolid, has been
intensely debated sine ve deades [1, 2, 3℄. Of late,
this topi has seen a renewed surge of interest, partly
due to the observations in [4℄ indiating potential sig-
natures of a supersolid phase of
4
He. Beause of the
inherent omplexity of
4
He, it is useful to gain further
understanding by studying supersolid phases in other sys-
tems  suh as the Bose-Hubbard model, whih an be
realized experimentally via old bosoni atoms in opti-
al latties [5℄. For on-site interations only, the phase
diagram at T = 0 ontains the superuid and the Mott
insulator state [6, 7℄. Adding interations aross sites
(next nearest or higher) in a so-alled extended Bose-
Hubbard model, a superuid-supersolid phase transition
may our [8, 9, 10, 11, 12℄ in addition to further Mott-
like phases. Here the term supersolid is assoiated to
an order parameter (with a well-dened phase) whih is,
in ontrast to the homogeneous superuid ground state,
not the same for all lattie sites, but periodially modu-
lated. At the heart of supersolid formation is the generi
phenomenon that an instability towards density modu-
lations ours if the exitation spetrum dips below zero
for a nite wavevetor.
Within mean-eld theory, i.e., negleting all utua-
tions, properties of the supersolid phase were studied
in [13℄. However, the evanesent exitation energies at
the transition suggest that (thermal and quantum) u-
tuations should play an important role near the ritial
point. The impat of these utuations an be taken into
aount with quantumMonte Carlo simulations, see, e.g.,
[8, 12℄. Despite the strength of this method, these simula-
tions are always restrited to a spei (low-dimensional)
lattie of nite size and a small sample of the full Hilbert
spae. In the following, we onsider an arbitrary peri-
odi lattie and develop an analyti expansion into mean
eld plus utuations where the size of the utuations
and the validity of the expansion is ontrolled by a small
parameter. Therefore, our derivation is omplementary
to other numerial and analytial approahes using for
example duality to vortex eld theory [14℄. To the end
of devising a ontrolled mean eld expansion, we begin
by introduing the onept of weighted operator sums in
the next setion.
II. WEIGHTED OPERATOR SUMS
We onsider the extended Bose-Hubbard model on an
arbitrary lattie as desribed by the Hamiltonian
Hˆ =
∑
αβ
(
Tαβ aˆ
†
αaˆβ +
1
2
Vαβ aˆ
†
αaˆ
†
β aˆαaˆβ
)
, (1)
where α, β label the lattie sites and aˆ†α, aˆβ are the as-
soiated bosoni reation/annihilation operators. The
kineti term is determined by the hopping matrix Tαβ
and the interation part by Vαβ . (Both matries are real
and symmetri.) Sine the above Hamiltonian annot be
diagonalized analytially, we have to employ some ap-
proximations. To this end, we introdue the onept of
weighted operator sums dened via
XˆS[f ] =
1
|S|
∑
α∈S
fα(aˆ
†
α, aˆα) , (2)
with a set S ⊂ N of |S| elements α ∈ S and a fun-
tion fα of order one, i.e., whih does not sale with |S|.
Hene the limit lim|S|→∞ XˆS [f ] exists (in an appropri-
ate sense, e.g., as a weak limit) while all single addends
are suppressed by 1/|S| for large |S|. Examples for the
form (2) inlude all (loal) one-site operators suh as
Xˆ{α}[1] = aˆα for |S| = 1 as well as the (global) Fourier
omponents
∑
α aˆα exp{ikα}/L = aˆk/
√
L with |S| = L
being the total number of sites for a one-dimensional
2hain S = [1, L]. Now, onsidering the ommutator be-
tween two suh weighted operator sums
[
XˆS [f ], XˆS′ [f
′]
]
=
|S ∩ S′|
|S| × |S′| XˆS∩S′ [f
′′] , (3)
with f ′′α(aˆ
†
α, aˆα) = [fα(aˆ
†
α, aˆα), f
′
α(aˆ
†
α, aˆα)], we nd that
they are suppressed for large |S| due to |S ∩ S′| ≤
min{|S|, |S′|}. Hene the limit lim|S|→∞ XˆS [f ] om-
mutes with all other weighted operator sums (inluding
all loal operators) and an thus be approximated by a
-number within the relevant Hilbert spae generated by
weighted operator sums ating on the ground (or ther-
mal) state. This motivates the following asymptoti ex-
pansion for large |S| ≫ 1
XˆS [f ] = Cˆ0[f ] +
Cˆ1/2[f ]√
|S| +
Cˆ1[f ]
|S| + . . . , (4)
where the leading term Cˆ0[f ] an be approximated by
a -number and the sub-leading operators Cˆ1/2[f ] and
Cˆ1/2[f
′] generate the ommutator (3), of order 1/|S|.
Applying the onept of weighted operator sums to
operators like XˆΣ[1] =
∑
β aˆβ/L or other Fourier om-
ponents, we arrive at the mean-eld expansion
aˆα = ψα + χˆα + O(1/
√
L) , (5)
where ψα denotes the mean eld and orresponds to
the leading parts Cˆ0[f ] in Eq. (4) while the utua-
tions χˆα with 〈χˆα〉 = 0 inorporate the non-ommuting
remainders. Note that (in ontrast to [15℄) the lling
nα = 〈aˆ†αaˆα〉 = |ψ2α|+ 〈χˆ†αχˆα〉 is here not assumed to be
large; |ψ2α| is the ondensate part and 〈χˆ†αχˆα〉 is the re-
maining thermal or quantum depletion. Hene the u-
tuations χˆα are not neessarily small ompared to the
mean eld ψα: e.g., for half-lling nα = 1/2, the vari-
ane is obviously of order one. In order to simplify the
full equation of motion derived from (1) [~ = 1℄
i∂taˆα =
∑
β
(Tαβ aˆβ + Vαβnˆβ aˆα) , (6)
we assume that the interation Vαβ involves a large num-
ber D ≫ 1 of sites β on a roughly equal footing. This
ould be the ase, for example, for long-range intera-
tions or for a large number of spatial dimensions. For
normalized potentials
∑
β Vαβ ≡ VΣ = O(1), we may
then apply the onept of weighted operator sums (2) to
the term
∑
β Vαβnˆβ and obtain
∑
β
Vαβnˆβ =
∑
β
Vαβ〈nˆβ〉+ O(1/
√
D) (7)
from Eq. (4). However, one must be areful: simply re-
plaing nˆβ by nβ in (6), we would lose the phonon modes.
The sub-leading term O(1/
√
D) an only be negleted if
there is no other small (or large) term involved. This is
preisely the ase for modes with long wavelengths over
many lattie sites, where the sum over Tαβaˆβ , for ex-
ample, is also very small and hene the O(1/√D) on-
tributions beome relevant. In order to desribe long-
wavelength modes orretly, we insert Eq. (5) into Eq. (6)
to obtain the Gross-Pitaevski equation
i∂tψα =
∑
β
(
Tαβψβ + Vαβ
[
|ψβ |2 + 〈χˆ†βχˆβ〉
]
ψα
)
, (8)
where we have replaed
∑
β Vαβχˆ
†
βχˆβ by its expetation
value aording to the above arguments, plus the remain-
ing utuation part
i∂tχˆα =
∑
β
(
Tαβχˆβ + Vαβ
[
|ψβ |2 + 〈χˆ†βχˆβ〉
]
χˆα
+Vαβ
[
ψ∗βχˆβ + ψβχˆ
†
β
]
(ψα + χˆα)
)
. (9)
Again, the seond line is suppressed by O(1/√D) and
will only be relevant for long-wavelength modes, whih
involve a sum over many sites α. In this ase, however,
the -number term
∑
α ψα will dominate the utuation
term
∑
α χˆα in view of Eq. (4) and hene we may ap-
proximate the braket (ψα + χˆα) in the seond line by
ψα, arriving at a linear operator equation
i∂tχˆα =
∑
β
(
Tαβχˆβ + Vαβ
[
|ψβ |2 + 〈χˆ†βχˆβ〉
]
χˆα
+ Vαβ
[
ψ∗βχˆβ + ψβχˆ
†
β
]
ψα
)
+ O(1/
√
D) , (10)
whih orresponds to the Bogoliubov-de Gennes equa-
tions for the utuations. Note that the approximation
from Eq. (9) to Eq. (10) neglets the exhange of par-
tiles between the ondensate |ψ2α| and the thermal or
quantum depletion 〈χˆ†αχˆα〉. This exhange is governed
by the sub-leading term
∑
β Vαβψ
∗
β〈χˆβχˆα〉, whih ould
be added to Eq. (8).
III. QUASIPARTICLE MODES
In order to introdue quasipartile modes, we assume
translational invariane, i.e., that Tαβ and Vαβ only de-
pend on the distane α−β and that the ondensate den-
sity is homogeneous |ψα| = |ψ|. Nevertheless, we may
still have a onstant phase gradient η in our sample, i.e.,
we set ψα = |ψ| exp{−iµt + iηα}. In this ase, we may
diagonalize Eq. (10) via a Fourier transformation
i∂tχˆk =
(
Tk+η + VΣn+ Vk|ψ2|
)
χˆk + Vkψ
2χˆ†−k . (11)
Note that in more than one spatial dimension, α and β
as well as k and η will be multi-indies (labeling the real
and the inverse lattie, respetively) and ηα is a salar
produt. Assuming reetion invariane Tk = T
∗
k = T−k
and Vk = V
∗
k = V−k for the lattie, we see that this
3symmetry k → −k is broken for the modes χˆk by the
phase gradient η. The quasipartile Hamiltonian
Hˆχ =
∑
k
{
χˆ†k
(
Tk+η + VΣn+ |ψ|2Vk
)
χˆk
+
Vk
2
(
ψ2χˆ†kχˆ
†
−k + h.c.
)}
=
∑
k
ω+k bˆ
†
k bˆk ,(12)
an be diagonalized via the Bogoliubov transformation
χˆk = uk bˆk + vk bˆ
†
−k with |u2k| − |v2k| = 1. This yields the
Bogoliubov oeients
uk =
1
1− l2k
, vk =
lk
1− l2k
,
lk =
√
w2k + 2wk − 1− wk , wk =
T¯k
Vk|ψ2| . (13)
For wk = −2, the oeients diverge due to lk = 1 (lead-
ing to the instability for η = 0, to be disussed below).
The quasipartile frequenies obey the dispersion relation
(Tk=0 = 0)
ω±k =
1
2
(Tk+η − Tk−η)±
√
T¯ 2k + 2|ψ|2VkT¯k , (14)
where T¯k = (Tk+η + Tk−η)/2 and thus the branhes are
onneted by ω+k = −ω−−k.
In the ontinuum limit, i.e., for small k ≪ 1, we may
approximate Tk ≈ k2/(2m) due to Tk = T ∗k = T−k and
Tk=0 = 0 with the mass m being determined by the hop-
ping rates. For small phase gradients η ≪ k ≪ 1, we
then reprodue the usual Galilei shift
(ω±k + vk)
2 = |ψ2|Vk k
2
m
+
k4
(2m)2
, (15)
where v = η/m is superuid veloity. Now, even for
purely positive Vαβ , the Fourier transform Vk may be-
ome negative for some k and hene the dispersion re-
lation may develop dips (similar to the roton dip in su-
peruid
4
He). If Vk is suiently negative (ompared to
Tk), the dispersion urve ωk may even dive below zero.
Ignoring the utuations disussed below, the onset of in-
stability, ωk = 0, marks the end of the (homogeneous) su-
peruid phase and the beginning of the supersolid phase
where |ψα| is periodi, i.e., inhomogeneous. The phase
gradient η favors the supersolid phase, i.e., the transition
superuid → supersolid ours earlier for non-vanishing
η. For η = T = 0, the frequenies ωk=±k∗ at the roton
wavenumber beome imaginary beyond the ritial point
and hene these modes start to grow exponentially. For
η > 0 and T = 0, the transition ours earlier and and is
slower sine the frequeny ωk=+k∗ beomes negative, but
not imaginary. Hene only the oupling to some environ-
ment (xed by the lattie) indues an instability of these
quasipartile modes. On the other hand, the depletion
〈χˆ†αχˆα〉 due to thermal or quantum utuations favors
the superuid phase sine it redues (for a xed lling n)
the ondensate fration |ψ2| and thus weakens the term
|ψ2|Vk in Eq. (14) responsible for the roton dip. Ergo,
heating up the supersolid state may yield the superuid
phase (as long as the ondensate does not disappear al-
together ψ = 0), whih will beome important for the
disussion of superooled states we turn to in setion
V.
IV. SUPERFLUID DENSITY
Now let us study the response of the system to a small
phase gradient aˆα → aˆα exp{iηα}, whih determines the
superuid fration. The interation part
1
2
Vαβ aˆ
†
αaˆ
†
βaˆαaˆβ
of the Hamiltonian (1) does not hange, but the kineti
term yields
∂Hˆ
∂η
= −i
∑
αβ
Tαβ(α− β)aˆ†αaˆβ , (16)
whih is a measure for the total urrent ∂Hˆ/∂η ∝ Jˆ ,
f. the Fourier expansion in (12). E.g., for Tαβ ∝
δα,β+1 + δα,β−1 − 2δα,β [15℄, we get the usual expres-
sion Jˆ ∝ i(aˆ†α+1aˆα − h.c.). In the ontinuum limit of
Tk ≈ k2/(2m), we obtain
Jˆ ∝ ∂Hˆ
∂η
=
1
m
∑
k
(
η|ψ2|+ k χˆ†kχˆk
)
→ Jψ + Jˆχ , (17)
where the rst term η|ψ2| in the braket is the ondensate
(i.e., mean-eld) ontribution Jψ and the seond one, Jˆχ,
stems from the utuations. Inserting the Bogoliubov
transformation χˆk = ukbˆk + vk bˆ
†
−k, we nd
〈χˆ†kχˆk〉0 =
T¯k + |ψ2|Vk
2
√
T¯ 2k + 2T¯k|ψ2|Vk
− 1
2
= 〈χˆ†−kχˆ−k〉0 , (18)
i.e., the expetation value of the utuation part in the
ground state vanishes 〈Jˆχ〉0 = 0. Even though the quasi-
partile frequenies are dierent in opposite diretions
for a non-vanishing phase gradient η, ωk 6= ω−k, the Bo-
goliubov oeients are still symmetri |uk| = |u−k| and
|vk| = |v−k|. Beause of the symmetry lk = l−k, from
Eq. (13), quantum depletion does not ontribute to the
urrent [17℄.
In a thermal ensemble, as desribed by the density ma-
trix ˆ̺ = exp{−Hˆχ/T }/Z, however, quasipartile modes
with ωk 6= ω−k will have dierent oupation numbers
and hene we do get a ontribution to the total ux from
the utuations 〈Jˆ〉 ∝ ∑k(η|ψ2| + k 〈bˆ†k bˆk〉). Clearly,
near the superuid-supersolid phase transition, the ma-
jor ontributions our around the roton minima at ±k∗.
Here, we onsider for simpliity one spatial dimension
only, but the main results apply to higher dimensions as
well. Let us rst study the ase η = 0. In the ontinuum
limit k ≪ 1, we may use a Taylor expansion
ω2k = 2Tk|ψ2|Vk + T 2k ≈ ω2∗ + γ2(k − k∗)2 (19)
4around the roton minimum at the ritial wavenumber
k∗ ≪ 1, where γ is the urvature of the roton dip. Ap-
proahing the phase transition orresponds to the limit
ω2∗ → 0 and for small ω∗ with ω∗ ≪ T , the leading term
sales as
1
L
∑
k
〈bˆ†k bˆk〉 = O
(
T lnω∗
γ
)
. (20)
At the ritial point ω∗ = 0, the k-integral over the ther-
mal distribution 〈bˆ†k bˆk〉 ≈ T/ωk beomes weakly diver-
gent near the roton dip at k∗ where ωk ≈ γ|k − k∗|,
leading to the logarithmi singularity lnω∗.
Now, adding a small phase gradient, one roton mini-
mum is lifted and the other one approahes the ω = 0
axis even loser. Hene the thermal quasipartile ou-
pation numbers 〈bˆ†k bˆk〉 reat in opposite ways and indue
a net urrent  whih is opposite to the ondensate ux
η|ψ2|. The hange due to ω∗ → ω∗ ± vk∗ sales as
〈Jˆχ〉 ∝ 1
L
∑
k
k 〈bˆ†k bˆk〉 = O
(
Tvk2∗
ω∗γ
)
. (21)
For small enough ω∗ or, alternatively, for large enough
temperatures T > Tcr = O(ω∗mγ|ψ2|/k2∗), the ur-
rent indued by the thermal utuations an easily om-
pensate the ondensate (mean-eld) ontribution η|ψ2|.
Thus, the superuid fration an be signiantly redued
 and may even beome negative (whih is also ourring
in π-Josephson juntions [16℄), i.e., the phase gradient η
entails a net urrent 〈Jˆ〉 in the opposite diretion.
Suh a negative superuid density indues a thermo-
dynamial instability [18℄: As disussed before, the ur-
rent 〈Jˆ〉 is a measure for the response of the system to
a phase gradient 〈∂Hˆ/∂η〉. Inserting the anonial en-
semble ˆ̺ = exp{−Hˆ/T }/Z, we see that the expetation
value 〈∂Hˆ/∂η〉 = ∂F/∂η equals the hange of the free
energy F = E−TS = 〈Hˆ〉+T 〈ln ˆ̺〉. Sine a stable equi-
librium state in an isothermal environment orresponds
to a minimum of the free energy, a negative superuid
density ∂〈Jˆ〉/∂η < 0 shows that the system is unstable
against the spontaneous generation of loal phase gradi-
ents (sine η = 0 is a maximum of the free energy).
Note that a negative superuid density does not re-
quire a large thermal depletion: as we may infer from
Eq. (20), the thermal oupation number
∑
k〈bˆ†k bˆk〉 sales
merely logarithmially with ω∗ and hene it an be muh
smaller than the ondensate fration |ψ2| (e.g., for T ≪ γ
and k∗ ≪ 1 ❀ k∗ lnω∗ < 1). Of ourse, in addi-
tion to thermal oupation, the ondensate is also de-
pleted by quantum eets. This quantum depletion sur-
vives at zero temperatures and is given by Eq. (18) via
〈χˆ†αχˆα〉 =
∑
k〈χˆ†kχˆk〉/L. With the same approximations
as in Eq. (20), we get again merely a logarithmi depen-
dene
〈χˆ†αχˆα〉0 = O
(
k2∗ lnω∗
mγ
)
. (22)
Consequently, a vanishing superuid density ∂〈Jˆ 〉/∂η =
O(η), whih marks the end of the (homogeneous) super-
uid phase may our even when the total (thermal plus
quantum) depletion is very small |ψ|2 ≫ 〈χˆ†βχˆβ〉 and
hene the ondensate fration is still near one. Note that
this behavior is opposite to (bulk) superuid
4
He, where
the superuid fration (near 100% for low temperatures)
strongly exeeds the ondensate part (of order 10%).
V. SUPERCOOLED STATES
Although the depletion was small |ψ|2 ≫ 〈χˆ†βχˆβ〉 in the
ases under onsideration, we would like to stress that the
presented ontrolled mean-eld expansion (5) an also be
applied to the ase of large depletions 〈χˆ†βχˆβ〉 = O(|ψ|2).
This generalization an be ahieved by demanding that
Vk is strongly peaked at the origin Vk=0 = VΣ = O(1)
and muh smaller otherwise V|k|>k0 ≪ 1 suh that the
width k0 of the peak at the origin is muh smaller than
the typial k-values (position k∗ and breadth 1/
√
γ) as-
soiated with the roton-dips (where 〈χˆ†kχˆk〉 yields the
major ontribution). To see how this works, let us
ompare
∑
β Vαβχˆβ , whih must be small within our
approah, with the depletion 〈χˆ†αχˆα〉 =
∑
k〈χˆ†kχˆk〉/L.
Calulating the squared norm 〈|∑β Vαβχˆβ |2〉, we get∑
k |V 2k |〈χˆ†kχˆk〉/L. Similarly, higher orders yield a sum
over several wavenumbers ontaining Fourier omponents
at linear ombinations of roton wave-numbers Vk±k′ .
Consequently, all these terms are suppressed even though
the quantum depletion may be large.
Given these requirements, one may obtain super-
ooled states, whih are long-lived superuid phases in
a parameter region where the true ground state is su-
persolid. In order to demonstrate the main idea, let us
onsider the following gedanken experiment: We start in
the superuid phase at T = 0, where 90% of the parti-
les are in the ondensate |ψ2| and 10% in the quantum
depletion 〈χˆ†αχˆα〉. Now we remove 80% of the partiles
(e.g., by a Raman transition with no momentum transfer
inurred) by dereasing the ondensate part |ψ2| only,
i.e., we leave the modes with k 6= 0 forming the quan-
tum depletion untouhed. Simultaneously, we inrease
the interation strength Vk (e.g., via a Feshbah reso-
nane) suh that the produt |ψ2|Vk remains onstant,
leaving the quasipartile spetrum intat. After that pro-
edure, half of the remaining partiles are in the onden-
sate |ψ2| and the other half are in the quantum depletion
〈χˆ†αχˆα〉 = |ψ2|. These anomalously large quantum utu-
ations are aused by the inreased interation Vk, whih
is so strong that the true ground state (with this lling
n = |ψ2| + 〈χˆ†αχˆα〉), having signiantly smaller deple-
tion, is supersolid. However, the immediate transition to
the supersolid state is prevented by the fat that only
half the partiles are in the ondensate. Beause the
quasipartile modes have the same positive energies as
before, the system is linearly stable. Similar to the ther-
5modynamial instability aused by a negative superuid
density, the deay to the true supersolid ground state is
mediated by the sub-dominant term
∑
β Vαβψ
∗
β〈χˆβχˆα〉.
Ergo, the predited superooled state is long-lived and
thus might be aessible to an experimental veriation.
VI. CONCLUSION
In summary, by means of a ontrolled expansion into
powers of the small parameter 1/
√
D, yielding the mean
eld ψ plus (thermal and quantum) utuations χˆα, we
are able to study the impat of these utuations onto
the superuid-supersolid phase transition analytially. In
addition to the instabilities indiating the end of the
(homogeneous) superuid phase known from mean eld
dynamis, whih our when the roton dip touhes the
ω = 0 axis, the utuations indue a thermodynami in-
stability even before reahing the lassial ritial point
ω∗ = 0. This breakdown of the homogeneous superuid is
assoiated with a negative superuid density and ours
rather slowly, sine hanges of the mean eld ψ indued
by utuations χˆα are governed by the sub-dominant
term
∑
β Vαβψ
∗
β〈χˆβχˆα〉 in Eq. (10), whih is eetively
a O(1/√D)-orretion to the Gross-Pitaevski Eq. (8).
Finally, even though the thermodynamial instability ef-
fet is governed by thermal utuations, quantum u-
tuations do also generate intriguing phenomena near the
ritial point like superooled states.
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